Ultrametric Cluster Hierarchies:

| Want ‘em All!

Similarity
All ultrametrics are hierarchical

An ultrametric is a metric which also satisfies the strong triangle
inequality: d(x, z) = max {d(x, y), d(y, z)}

Every ultrametric can be
represented by a hierarchy.

Every hierarchy with node
values growing along the
paths from the leaves to
the root corresponds to an

% ultrametric.
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Minimax distance as ultrametric
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KD tree HST-DPO
k-median/GT k-median/GT
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Cover tree
k-median/GT
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Cover trees, KD trees, and
other Hierarchically Well-
Separated trees can all
represent data, but they all
“ - S aEdass - focus on different

e TR R R R characteristics.

Clusterings of ultrametrics corresponding to Cover tree,
KD tree, and another Hierarchically Well-Separated tree
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Our proposed SHIP clustering framework
(1) fits an ultrametric (similarity)

Github Repo pip package
(2) computes a centroid-based hierarchy 1

(3) extracts a partitioning

v' C++ Code on Github
v pip package of the Python interface

Hierarchy

Centroid-based clustering in ultrametrics

It takes Sort(n) time to find the optimal k-z (median, mean, etc.)
solutions for all values of k in an ultrametric.

The optimal solutions are themselves hierarchical.
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Clusterings
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Cost decrease for cluster k+1 Cluster centers in bold | The sum of k-means costs

Partitioning

Extract a clustering from a hierarchy

Partitioning a hierarchy can be achieved extremely fast (O(n) time).
Possible strategies are:

a. Threshold the values in the tree (DBSCAN)
b. Pick the “best” clustering by a function (HDBSCAN)
c. Optimal clustering for a user-specified value of k

d. Elbow method

DC tree
k-means/Elbow

DC tree captures density

connectivity.

= Centroid hierarchies can
split density-connected
clusters

= Some partitioning
methods find noise or
determine the number of
clusters automatically

DC tree DC tree
“k-center/Stability  k-median/MoE
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Clusterings when using the DC tree as similarity, and
different centroid hierarchies and partitioning methods
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Runtimes

High efficiency through single ultrametric preprocessing

Our framework requires il iemrely i
only a single upfront = — N
ultrametric computation, —
after that we can SCAR 2.133s 9076ms +4 48 +12  +16  +20

. | Time in milliseconds
generate multiple Eucl. k-means 88868 | e
different clusterings DC/hier./part. | e L
Wlth r_‘egllglble _ Ward 10.309 s
additional runtime.

AMD-DBSCAN + 37.055s ia
DPC+ 702.910

Faster methods I —
compute the clustering 0 1 2 3 4 5 6 7 8 9 10 1.

for only one single
parameter setting.

Clustering Quality

Flexibility enables deeper insights

Time in seconds

Clustering runtimes for different algorithms of the letterrec.
dataset. Our method finds clusterings for all possible k.

There is no combination of hierarchy and partitioning that generally works
“best”. Although DC tree/k-means/Elbow performs good in many cases, it is
not universally superior to the other combinations; different pairings excel
on different datasets. Our framework allows to rapidly switch between

different hierarchies and partitioning methods.
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ARI values for the SHiP framework on the DC tree and Cover tree ultrametrics and competitors.
Euclidean k-means, SCAR, and Ward are given the ground-truth value k.
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